Abstract -Despite the frequent appearance in the radiation heat transfer literature of articles describing Monte Carlo ray-trace (MCRT) applications to twodimensional enclosures, no formal verification may be found of the method commonly used to determine the directional distribution of diffuse emission and reflection when estimating two-dimensional radiation distribution factors. Considered are two methods for determining the direction cosines in this situation. The results are shown to be in agreement with those obtained in the limiting case of a three-dimensional enclosure as one of its dimensions is increased.
INTRODUCTION
Radiation is the dominant mode of heat transfer in many applications of practical engineering interest. These include situations, such as instrumentation, cryogenics, solar energy utilization, and certain space applications, where other modes of heat transfer have been suppressed or eliminated; and hightemperature processes, such as those associated with combustion and detonation.
The usual starting point in radiation heat transfer analysis is to define an enclosure whose walls are typically subdivided into surface elements of size depending on the desired spatial resolution. It is sometimes convenient to treat the enclosure as being two-dimensional. This occurs when one of the three dimensions is long compared to the other two, as in the case of ducts and certain industrial process lines.
Because of their relative simplicity, two-dimensional enclosures have been widely used in the radiation heat transfer literature to establish epistemology regarded as independent of dimensionality. For example, Chang et al. [1] have investigated the effect of radiation on combined heat transfer with convection or conduction in a participating medium in a two-dimensional enclosure. Ramankutty et al. [2] demonstrate a modified discrete ordinates solution of radiative transfer in two-dimensional rectangular enclosures. Ismail and Salinas [3] study the application of a multidimensional scheme using the discrete ordinate method in a two-dimensional enclosure with diffusely emitting and reflecting walls. Hayasaka et al. [4] consider the radiative heat ray method in a two-dimensional model. Jinbo et al. [5] investigate the radiative heat fluxes and temperatures under the assumption of isotropic scattering in a two-dimensional stationary rectangular configuration. Two-dimensional systems have also been investigated for numerical studies of radiation of water droplet systems [6] [7] [8] [9] [10] [11] .
Many investigators have used two-dimensional enclosures for inverse boundary design in radiation heat transfer. Li [12] considers the inverse problem of an unknown source term in a two-dimensional rectangular medium with transparent boundaries. Sarvari et al. [13, 14] present an inverse analysis for finding the heat source distribution in an irregular enclosure to produce both desired temperature and heat flux profiles over the design surface of an irregular twodimensional enclosure with participating media. Tito et al. [15] consider inverse radiative transfer problems in twodimensional rectangular enclosures containing heterogeneous isotropic scattering or linear anisotropic scattering participating media. Daun et al. [16, 17] , use optimization methods for finding the heater settings that provide spatially uniform transient heating within a two-dimensional radiant enclosure. The variable metric method is utilized by Kowsary et al. [18] to investigate the radiative boundary design problem in a two-dimensional furnace filled with an absorbing, emitting and scattering gas. The conjugate gradient method has been applied to inverse boundary design problems in an irregular two-dimensional enclosure with participating media by Pourshaghaghy et al. [19] . Mehraban et al. [20] present an inverse radiation design problem for finding the transient heater settings to produce the transient conditions over products in two-dimensional radiant furnaces. Salinas [21] present an optimization analysis for temperature field estimation in a two-dimensional gray medium. Bayat et al. [22] use the conjugate gradient method to investigate an optimization procedure to determine the heater powers of a radiant enclosure to achieve a uniform heat flux distribution over a diffuse-spectral temperature-specified design surface in a two-dimensional radiant furnace. Amiri et al. [23] employ an inverse analysis to estimate the required input on the heater surface that produces the desired temperature and heat flux distribution over the design surface of a two-dimensional enclosure.
The inverse boundary design problem for combined radiation convection/conduction heat transfer in twodimensional enclosures is also studied. An optimization technique has been applied to the design of two-dimensional heat transfer systems in which both conduction and radiation are important [24] . Kim et al. [25] investigate an inverse problem based on the finite volume method for conduction and radiation in a two-dimensional cylindrical enclosure. Mossi et al. [26] report an inverse boundary design problem involving radiation and convection in a two-dimensional cavity. Moghadassian et al. [27] investigate the inverse boundary design problem in combined natural convection radiation heat transfer with the presence of a participating medium in a square two-dimensional square.
The Monte Carlo ray-trace (MCRT) method is a statistical solution technique in which energy bundles are traced as they are emitted, scattered, and absorbed within an enclosure. The method produces very accurate solutions within limits of statistical accuracy, which can be estimated. In addition to the applicability of the MCRT method in complex geometries, it is also a very flexible method and benefits from a straightforward formulation that enables easier handling of further complexities such specularly reflecting surfaces, effects of participating medium and scattering [28, 29] . Furthermore, compared to other methods such as the finite-volume method (FVM), the discrete ordinates method (DOM), the discrete transfer method (DTM), and the finite element method (FEM), the MCRT method avoids the ray effect and false scattering [30] .
Numerous two-dimensional studies have been based on the Monte Carlo ray-trace method. Oguma and Howell [31] investigate the solution of two-dimensional blackbody inverse radiation problems by the inverse Monte Carlo method. Erturk [32] considers a two-dimensional inverse design approach using a combination of MCRT and regularization methods. Baek et al.
[33] consider a combination of the Monte-Carlo and finite-volume methods (CMCFVM) for solving radiative heat transfer in absorbing, emitting, and isotropically scattering medium with an isolated boundary heat source in a two-dimensional irregular geometry. Safavinejad et al. [34] use a micro-genetic algorithm to solve the inverse boundary design problem in two-dimensional radiant enclosures with absorbing-emitting media. They use the Monte Carlo method (MCM) to solve the equation of radiative transfer. In a second contribution, they used the same method to optimize the number and location of the heaters in two-dimensional radiant enclosures composed of specular and diffuse surfaces [35] . Mosavati et al. [36] apply the MCRT method in a two-dimensional enclosure for calculating distribution factors used in an inverse design problem. By employing the backward Monte Carlo method for computing the distribution factors, they also solved the boundary inverse design in a step-like two-dimensional enclosure with gray walls and a transparent medium with combined radiating-free convection [37] . In a recent study, Mulford et al. [38] apply two-dimensional Monte Carlo raytracing to calculate the apparent absorptivity of a diffuselyirradiated V-groove and the apparent absorptivity of a fully illuminated cavity subject to collimated irradiation.
In contrast to heat conduction and other boundary value problems, the Monte Carlo ray-trace method does not involve solution of differential equations but rather is based on the rules of statistics and geometrical optics. The rules governing diffuse emission and reflection in a three-dimensional enclosure are well established [28, 29] ; however, it seems that the rules governing a two-dimensional ray-trace, while perhaps intuitively obvious and certainly widely used, have yet to be rigorously established in the literature. In the current contribution, the frequent use of the two-dimensional approximation for elongated enclosures is critically examined. Specifically, two candidate methods for determining the direction of diffuse emission and reflection are investigated. Finally, the results obtained using these two methods are compared with those obtained for an equivalent three-dimensional enclosure in the limit as its long dimension is extended.
PROBLEM DESCRIPTION
Consider the radiation problem, illustrated in Fig. 1 , involving a two-dimensional furnace whose lower surface has a steplike geometry. All surfaces are considered to be gray and diffuse with an emissivity of 0.8, and the interior medium is assumed to be non-participating. This enclosure has been selected because it is a benchmark geometry in the literature [16, 18, 19, 23, [35] [36] [37] . The problem is to first calculate the distribution factor matrix for this enclosure using the twodimensional MCRT method, and then compare the results with those describing the equivalent elongated threedimensional enclosure that it is intended to represent. The total number of surface elements for this problem is selected to be 40. Fig. 2 shows the equivalent three-dimensional enclosure. Note that for comparison of the results of twodimensional and three-dimensional enclosures, the surface elements in three-dimensional enclosures are chosen to be long strips, as indicated in Fig. 2 .
The radiation distribution factors are most easily determined using the Monte Carlo ray-trace method, as detailed by Mahan [29] . Briefly, the steps for obtaining these factors for a diffuse-gray enclosure are: (1) The randomly distributed points from which discrete rays are launched from any given surface element are selected based on the values of two random numbers.
(2) The directions of diffuse emission are determined by drawing two additional random numbers from which are calculated azimuth and zenith angles.
(3) The intersection point of the emitted rays with the enclosure interior surface is determined.
(4) Whether the ray is reflected or absorbed by the surface intersected by the ray is determined by drawing a fifth random number and comparing its value to the surface absorptivity. If the random number is less than the absorptivity, the ray is absorbed and its history is terminated. In this case the counter keeping track of the rays absorbed by the intersected surface element is incremented by one.
(5) If the ray is reflected, the diffuse direction is determined by returning to Step 2 and repeating the procedure until the ray is finally absorbed by one of the surfaces of the enclosure. The ratio of the number of rays absorbed by surface to those emitted from surface is an estimator of the radiation distribution factor , assuming a sufficient number of rays have been emitted.
The uncertainty of the results obtained using the MCRT method may result from the measuring errors of parameters such as temperature and emissivity [39, 40] . A detailed analysis of the uncertainty in the MCRT environment is available [41] .
FINDING THE MINIMUM LENGTH OF THE THREE-DIMENSIONAL OVEN
A numerical experiment has been carried out using a standard three-dimensional Monte Carlo ray-trace for oven lengths starting from 1 m and increasing in steps of 1 m. Figure 3 is a plot of the fraction, , of the energy emitted from two surface elements ( = 19 or 30), indicated as strips in Fig. 2 , that is absorbed on either the front or back surface ( = front or back) of the three-dimensional enclosure due to emission.
When the length is 100 m, the fraction of energy emitted by elements 19 and 30 absorbed by the front or back surfaces is only 0.17 percent and 0.10 percent, respectively, of the emitted energy. Therefore, it is reasonable to assume that the three-dimensional oven with a length of =100 m can be considered a two-dimensional enclosure.
TWO-DIMENSIONAL MCRT METHOD
The only difference between the two-dimensional MCRT method and the three-dimensional method is the algorithm for computing the direction of diffuse emission and reflection. For three-dimensional analysis, the direction cosines , , and are determined as
where , 1 , and 2 are the unit normal, first unit tangent, and second unit tangent vectors of each surface element of emission or reflection, and and are zenith and azimuth angles measured with respect to unit normal and tangent vectors. These two angles are randomly determined by
where and are random numbers uniformly distributed between zero and unity.
In three-dimensional geometries we have three direction cosines, while in the two-dimensional analysis we have only two, and , with respect to the global x and y axes, respectively. Two methods are investigated for finding the direction cosines of emission in two-dimensional geometries.
First method. This method is based on the same logic as for three-dimensional analysis, and uses two random numbers. Here, z-axis direction cosine, , from Eq. (3) is forced to be zero, and the values obtained from Eqs. (1) and (2) are used for the other two direction cosines. Since the emission or reflection vector must be a unit vector, we normalize the values of and from Eqs.
(1) and (2), obtaining
Second method. This method uses only one random number. Here, the angle with the x-axis is randomly determined as
where is again a random number uniformly distributed between zero and unity. Then, for the direction cosines, we have = +
and = + .
RESULTS AND DISCUSSION
Radiation distribution factors are computed using a windows application [42] based on the MCRT method to compute the radiation distribution factors among any number of surface elements making up any two-dimensional diffuse gray enclosure. As shown by Yarahmadi et al. [41] , an effective way to present the results for radiation distribution values is as a probability density function (PDF). Figure 4 shows the distribution factor values obtained using the two-dimensional MCRT analysis mentioned above compared with the results for the three-dimensional elongated enclosure discussed in Section 3. It is clear that both methods of two-dimensional analysis provide distribution factor matrices that are virtually identical to the results obtained using the three-dimensional MCRT method. The average difference between the twodimensional and three-dimensional analysis is calculated based on = ⟨ | 3 − 2 |   1  2  (  3 +  2 ) ⟩ , , = 1, . . ,
The results obtained using Method 1 are only 0.99 percent different from those obtained using the threedimensional analysis, while this difference is 1.01 percent using Method 2. We can see that Method 1 is slightly more accurate than Method 2, however, Method 2 is faster because Figure 4 . Probability density functions (PDFs) for radiation distribution factors for (a) two-dimensional problem using first method the (b) two-dimensional problem using the second method (c) three-dimensional problem with / = / = 100.
it only requires a single random number to describe the direction of the emission or reflection.
CONCLUSION
We conclude that either of two methods, designated here as Method 1 and Method 2, can be reliably used to compute the radiation distribution factors for a two-dimensional enclosure.
